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1. INTRODUCTION 
The inverse spectrum problem for nonnegative matrices has a very simple formulation: given 
a set 0 = {Xl,& . . . , A,} of complex numbers, find necessary and sufficient conditions for the 
existence of an n x n nonnegative matrix A with spectrum o. About its general aspects, the 
problem remains unsolved. Important progresses have been made in the case of a real prescribed 
spectrum by Suleimanova [l], Perfect [2], Salzmann [3], and Radwan [4], while in the complex 
prescribed spectrum case of the problem has only be solved for n = 3 by Loewy and London [5] 
and for n = 4 and n = 5 for matrices with trace zero by Reams [6] and Laffey and Meehan [7], 
respectively. Sufficient conditions have also been obtained for a normal nonnegative matrix of 
order n by Xu and Radwan (41 in the complex case. 
DEFINITION 1. A matrix A = (a~) of order n is said to be nonnegative if aij 2 0, i, j = 1,2, . . . , n. 
DEFINITION 2. A nonnegative n x n matrix A is called row stochastic, or simply stochastic, if 
all its rows sum 1. 
DEFINITION 3. A nonnegative n x n matrix A is called doubly stochastic, if all its rows and 
columns sum 1. 
Following to [3], we define the following. 
DEFINITION 4. A matrix A = (akj) of order n is said to be generalized stochastic if 
kakj=s, k=l,2,...,n, 
j=l 
where s is a complex number. 
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If A = (akj) is such that 
2 akj = S, k=1,2 ,..., n, and akj = S, j=1,2 ,.*.,W 
j=l k=l 
then we shall say that A is a generalized doubly stochastic matrix. Note that a generalized 
stochastic or generalized doubly stochastic matrix need not be nonnegative. 
An immediate consequence of the definition of a generalized stochastic matrix follows. 
(i) 
(ii) 
(iii) 
An n x n matrix A is generalized stochastic with row sum s if and only if AJ = sJ, 
where J is the n x n matrix of 1s. 
An n x n matrix A is generalized stochastic with row sum s if and only if v = (1, 1, . . . , l)T 
is an eigenvector corresponding to the maximal eigenvalue s of A. 
If xk is an eigenvalue of a nonnegative generalized stochastic matrix A with row sum s, 
then I&( 5 s. 
According to the above definitions, an n x n stochastic matrix A is an n x n nonnegative 
generalized stochastic matrix with row sum s = 1. 
The theory of Perron-F’robenius plays a fundamental role in the study of nonnegative matrices: 
we recall that if A is a nonnegative matrix, then it has a nonnegative maximal eigenvalue X1 with 
corresponding nonnegative eigenvector 21 = (~1, ~2,. . . , w,)~, that is, ?& > 0, k = 1,2,. . . , n. If A 
is irreducible nonnegative, then X1 > 0 and Vk > 0, k = 1,2,. . . , n. 
In the inverse spectrum problem for nonnegative matrices of order n, we have three obvious 
necessary conditions. If B = {Xl, X2, . . . , A,} is the spectrum of a nonnegative matrix A, then: 
(i) I?={X~,X~,...,X-,}=~; 
(ii) maxj{lXjl} E a; 
(iii) s,(a) = C,“=, Xj” > 0, m = 1,2,. . . . 
The most important necessary condition for the inverse spectrum problem for nonnegative 
matrices is given by the following theorem, due to Loewy and London [5]. 
THEOREM 5. Leta = {XI,&, . . . , A,} be the spectrum of a nonnegative matrix of order n. Then 
(sk(0))m 5 nm-lSkm(o)y 
for any positive integers k and m. 
Let A be an arbitrary n x n irreducible nonnegative matrix with spectrum CJ = {Xl, X2,. . . , A,}. 
Let X1 be the maximal eigenvalue of A and let CC = (~1, x2,. . . , x~)~ be its corresponding maximal 
eigenvector. Let D = diag(xl,xz, . . . ,x,), xi > 0. Then the rows of the matrix D-lAD sum 
Xl 
$( 
$2 
ak17ak27.e-7akn) . 
H 
= ‘,&xk = x1, 
xk 
2, 
k = 1,2,... ,n. Thus, D-lAD is a nonnegative generalized stochastic matrix with spectrum B, 
row sums X1, and corresponding eigenvector v = (1, 1, . . , l)T. 
If A is reducible (nonnegative), then there exists a permutation matrix P such that PTAP 
is a block diagonal matrix [8], where each block Ak is irreducible nonnegative of size nk x nk, 
k = 1,2 ,..., m. Then Ak has a maximal eigenvalue XI, > 0 with corresponding eigenvector 
xk = (xlk, x2k,. . . , xnk) T,Xjk>0,j=1,2 ,..., 72. 
Let 
Dk =diagg(XlkrX2kr...,Xnk}. 
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Then the matrix D;~A~DI, is nonnegative generalized stochastic with row sums & and cor- 
responding eigenvector w = (1, 1, . . . , l)T. We may assume, without loss of generality, that 
X1 = ms& &. Next we choose the matrices &I of size 721, x nk, with nonnegative entries and 
row sums X1 - &, k = 2,3,. . . , m. Thus, the matrix 
0 
0 
0 . . D,‘A,D,,, 
is nonnegative generalized stochastic with row sums X1, corresponding eigenvector u = (1, 1, 
‘..7 l)T, and spectrum 0. 
Therefore, given a set o = {xl, x2,. . . , A,}, the problem of finding a nonnegative matrix A with 
spectrum 0 is equivalent to the problem of finding a nonnegative generalized stochastic matrix 
B = D-lAD with spectrum 0. 
The following theorem, due to Brauer [9], plays an important role to derive sufficient conditions 
for the problem have a solution. The proof, which we include here, can also be found in [S]. 
THEOREM 6. Let A be an n x n arbitrary matrix with eigenvdues XI, X2,. . . , A,. Let v = 
(V1,~2,...,4 T be an eigenvector of A associated with the eigenvalue xk and let q be any 
n-dimensional vector. Then the matrix A + vqT has eigenvalues x1, x2, . . . , &-I, Xk + vTq, &+I, 
. . . , An, k=1,2 ,..., n. 
PROOF. From the Schur theorem, there exists a nonsingular matrix U such that U-‘AU is an 
upper triangular matrix with the eigenvalues of A in the main diagonal of U-‘AU. We choose 
the vector v as the first column of U. Then 
and 
U-IAU = 
QlV2 92212 . 
vqL . . . 
. 9 
Therefore, 
Ak * * ’ * 
0 x2 * . * 
. 0 . . . 
. qnw1 
. qnw2 
. . 1 = [QlV I q2v I .*. I qnv]~ . . . Qn% 
U-’ (A + vqT) U = U-IAU + U-‘vqTU 
= U-‘AU + [qlU-‘v 1 q2U-lv 1 . . . 1 qnU-‘v] U 
Ql 42 . . qn 
and the result follows. 
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We observe here that if A is a nonnegative generalized stochastic matrix with rows sum XI = s 
and spectrum (T = { X1, AZ,. . . , A,}, then A can always be written as 
A=B+vqT, 
where B is a generalized stochastic matrix (B need not to be nonnegative) with rows sum 
T 5 s and wqT is a nonnegative generalized stochastic matrix with 21 = (l,l,. . . , l)T, q = 
G&,42,... ,4n)T,qk20,k=1,2,..., n and rows sum c;=, qk = s - T. 
(.:i:~~~)=[~~~~lf~~~:l]+[‘i~~i). 
Moreover, the eigenvalues of B are T, X2,. . . , A, while the eigenvalues of uqT are 0, with mul- 
tiplicity (n - 1) and wTq = s - T. Thus, 
X1=s=r+wTq. 
If A = B + uqT is positive generalized stochastic, then B can be chosen nonnegative generalized 
stochastic. 
In [lo], we derive a sufficient condition for the inverse spectrum problem for nonnegative 
matrices. The result applies Brauer’s Theorem 6 to the companion matrix of a particular set of 
complex numbers. 
We shall say that the matrix B is the companion matrix of a given set of complex numbers 
~={&,~2,~3,..*, A,} if B is the companion matrix of the polynomial with zeroes X1, X2,. . . , A,. 
Let 0 = {1,&,X3,..., A,} be a set of complex numbers such that d = a; that is, o is closed 
under conjugation. Let c = (h, . . . , ~2, ~1) be the last row of the companion matrix of the set D. 
Then 
2 C!k = 1. 
k=l 
In fact, the eigenvectors of an upper companion matrix 
0 1 . 0 
Gl . c2 Cl 
are of the form z = (1, A, X2,. . . , Xn-l)T, where X is the corresponding eigenvalue. Then the 
upper companion matrix of the set CY has an eigenvector v = (1, 1, . . . , l)T corresponding to the 
eigenvalue 1. Thus, all its rows sum 1. 
The sufficient condition given in [lo] is the following result. 
THEOREM 7. Let o = {X1,X2,. . . ,A,} be a set of complex numbers such that @ = u. Let 
c =(c&. . . ,cz, ~1) be the last row of the companion matrix B of the auxiliary set u’ = (1, X2, 
. . . ) A,}. If 
xl 2 1 + 1 lckl, 
cr<O 
then there exists a nonnegative generalized stochastic matrix A of order n with spectrum u. 
In other words, 0 is realized by a nonnegative generalized stochastic matrix A for all X1 2 
1 + Ccb<o IQ& 
PROOF. Let 
01.. 
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be the companion matrix of u’. Then v = (1, 1, . . . , l)T is an eigenvector of B corresponding to 
the eigenvalue 1. 
Let f?k >_ 0 if c,+r_k >_ 0 or ck 2 (%+I-k( if %+1-k < 0 and let q = (&,cs,. . . ,I?,)~. Then, 
vTq = c;r=, & and 
vqT = 
e1 . . & 
. . . . ( 1. . . . . El . . 4 
The matrix 
A = B + wqT = 
El 
i: 
&fl . . 4 
21 & . . . 
. ,. 
. . . &a,+1 
t1+c, . . . &&++I 
is nonnegative with eigenvalues As,. . . , A, and Xi = 1 + vTq = 1 + c;=, &. The matrix A has 
maximal eigenvalue X1 = 1 + vTq, with corresponding eigenvector TJ = (1, 1, . . . , l)T. Moreover, 
all rows of A sum 1 + vTq. I 
If in Theorem 7 we have c;=r xk = 0 and Xr 2 1 + ~Ck<,, Ickl, then all the diagonal entries 
of A = B + vqT must be zero. Therefore, qk = 0, k = 1,2,. . . , n - 1 while q,, = X1 - 1. That is, 
ck 1 0, k = 1,2, . . . , n, and cl = I - x1. 
In Section 2, we derive a sufficient condition for the existence of a positive (nonnegative) gen- 
eralized doubly stochastic matrix with complex prescribed spectrum. The condition is applied to 
obtain a sufficient condition for the doubly stochastic case. In Section 3, we obtain a sufficient 
condition for the inverse spectrum problem for positive generalized stochastic and doubly stochss- 
tic matrices when the prescribed spectrum is real. This condition also includes the stochastic 
and doubly stochastic cases. In Section 4, we consider a question by Johnson [8] about the role 
of zeroes as eigenvalues of nonnegative matrices. Examples are given to illustrate the results. 
2. A SUFFICIENT CONDITION FOR POSITIVE GENERALIZED 
DOUBLY STOCHASTIC MATRICES: COMPLEX CASE 
In this section, we derive a sufficient condition for the existence of an n x n positive general- 
ized doubly stochastic matrix with complex prescribed spectrum. For the right spectrum, the 
condition also holds for the doubly stochastic case. 
THEOREM 8. Let c = {Xl, AZ,. . . , A,} be a set of complex numbers such that d = u. If 
xl > 1 + (n - 1) mka lckl , (1) 
where the cks, k = 1,2,. . . , n, are the entries of the last row of the companion matrix of the 
auxiliary set 6’ = (1, X2, . . . , A,}, then there exists a positive generalized doubly stochastic 
matrix A with spectrum 0. 
PROOF. Let 
B= ( 
01.. 0 
. . . . . 
. . . 0 1 
c, * . c2 Cl 
be the companion matrix of the auxiliary set 0’ = { 1, X2, . . . , A,}. Then B is generalized stochss- 
tic with row sums 1 (1 is an eigenvalue of B) and corresponding eigenvector v = (1 , 1, . . . , l)T. 
Let q = (a, a,. . . , AT, where 
x1-c, 
41 = -; 
qk = xl - 1 - &+1-k 
1 k = 2,3 ,..., n. 
n n 
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From (l), qk > 0, k = 1,2,. . . , n. Consider the matrix 
A = B + uqT 
Ql 42 + 1 . . qn 
Q2 
= (: . .’ . . . %I+1 . 41+ c, q2 + k-1 . . qn + Cl 1 
Since CL=, qk = X1 - 1, then from Theorem 6, A has eigenvalues x2, . . . , An and 
From the definition of qk, all columns of A sum x1, while its rows sum 
n 
l+~qk=l+,+l=&. 
k=l 
Moreover. 
ql+% > i l+(n-l)mkax/Ckl+(n-l)c, > >o 
and 
qk + %-l+k > i (n - 1) mkalCkj + (n - I)&-l+k 
> 
2 0, 
Ic = 2,..., n, guarantee the positivity of A. Thus A is an n x n positive generalized doubly 
stochastic matrix with spectrum u. I 
The following corollaries are immediate from Theorem 8. 
COROLLARY 9. If o = {X1,X2,. . . , A,} is realized by a positive generalized doubly stochastic 
matrix, then CT is realized by a positive generalized stochastic matrix. 
COROLLARY 10. If u = {Xl, X2,. . . , A,}, with XI 2 1 + CCL<,, lCk[, is realized by a nonnegative 
generalized stochastic matrix (as in Theorem 7), then 0’ = {Xl + X0, X2,. . . , A,}, where X0 > 
cn - l) maxk lckl - cc,& Ick I, is realized by a nonnegative generalized doubly stochastic matrix. 
COROLLARY 11. If the entries cks of the nth row of the companion matrix B of Theorem 8 are 
all nonnegative and 
then there exists a positive generalized doubly stochastic matrix with prescribed spectrum a. 
EXAMPLE 12. Let 0 = (2, -1, i, A}. Consider 0’ = (1, -1, i, -i}. Then, the companion matrix 
of 0’ is 
Since X1 = 2 > max{l, l}, the problem has a solution A = B + uqT, with w = (l,l, 1, l)T and 
q = (l/4,1/4,1/4,1/4). Then, 
1 5 1 1 
A= 
1 1 1 5 
5 1 1 1 
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is a positive generalized doubly stochastic matrix with spectrum 0. Observe that (1/2)A is a 
positive doubly stochastic matrix with eigenvalues 1, -l/2, (l/2)& -(l/2& 
Now, we apply the sufficient condition of Theorem 8 to determine a sufficient condition for the 
solution of the inverse spectrum problem for doubly stochastic matrices. 
Let cr = {1,&,X3 ,..., A,} be a set of complex numbers satisfying 3 = 0 and l&l 5 1; 
k = 2,3, . . . , n. Let a > 1 and consider the set 
CT’ = {l,aXz,aX~, . . ,aX,}. 
Let c =(cn, . . , ~2, cl) be the last row of the companion matrix B of the set cr’. We know from 
Theorem 8 that if a - 1 = CL=, qk > (n - 1) maXk lckl, where 
a-c, 
41 = -; qk= 
a - 1 - C,+l_k 
I k = 2,3, . . . , n, 
n n 
then there exists a positive generalized doubly stochastic matrix A’ of order n with eigenvalues 
a, a&, a&, . . . , d,. We also know that a = 1 + CL=, qk is the maximal eigenvalue of A’ and 
that all rows and columns of A’ sum a. Then, A = (l/a)A ’ is a positive doubly stochastic matrix 
with eigenvalues 1, X2,. . . , A,. 
We have proved the following theorem. 
THEOREM 13. Let CT = {1,X2,X3,. . . , A,} be a set of complex numbers satisfying d = CT and 
j&l < 1; k = 2,3,. . . , n. Let a > 1 and consider the auxiliary set 0’ = (1, uX2, aAs,. . . , ax,}. 
Let c =(cn,. . . , ~2, cl) be the last row of the companion matrix B of the set u’. If for the chosen a, 
there exists a positive vector q = (ql, q2,. . . , q,)T, where 
a - c, 
41 = -; qk= 
C-i - 1 - C,+l_k 
I k = 2,3, . . . , n, n n 
satisfying 
n ._ 
u-l=xqk > (n-l)m~XlCkl, 
k=l 
then there exists an n x n positive doubly stochastic matrix A with spectrum cr. 
EXAMPLE 14. Let CT = {1,1/14 + (1/14)i, l/14 - (1/14)i} be given. Let a = 7. Then 0 = 
{1,1/2+(1/2)i, l/2-(1/2)i}. The last row of the companion matrix B of cr’ is c = (l/2, -3/2,2). 
We compute q1 = 1316, q2 = 5/2, q3 = 4/3. Then from Theorem 8, the matrix 
A’ = 
is positive generalized doubly stochastic with eigenvalues 7,1/2 + (1/2)i, l/2 - (l/2& Finally, 
A = (1/7)A’ is a positive doubly stochastic matrix with spectrum 6. 
3. A SUFFICIENT CONDITION FOR POSITIVE GENERALIZED 
DOUBLY STOCHASTIC MATRICES: REAL CASE 
In this section, we derive a sufficient condition for the existence of an n x n positive generalized 
stochastic and doubly stochastic matrix with real prescribed spectrum. 
If the given set ~7 = {Xi, X2,. . , A,} is a nonnegative one, that is, 
648 R. L. SOT0 
then the corresponding inverse spectrum problem for nonnegative generalized stochastic matrices 
is trivial. In fact, 
Xl -x2 x2 0 * . 
A= . . . . . 
. . . 
is such a matrix with spectrum LT. 
In particular, the set 1 2 X2 1 . . . 2 A, 1 0 is realized by the n x n stochastic matrix 
THEOREM 15. Let CT = {XI,&,. . . , A,} be a set of real numbers such that 
If&>O,withXk>O,k=3,4 ,..., r(r<n), then 
(2) 
is a sufficient condition for the existence of an n x n positive generalized stochastic matrix with 
spectrum 0. 
If X2 I 0, then 
x1 >-k& (3) 
k=2 
is a sufficient condition for the existence of an n x n positive generalized stochastic matrix with 
spectrum u. 
PROOF. Consider the generalized stochastic matrix 
B= 
x2 o... ..o, 
0 x2 0 . . . . . 
x2 -x3 0x30. . . . 
. * . . . . . 
x2-x, 0 . 0 A, . . ' 
X2-Xr+l . . . 0 &.+I . . 
. . . . . . 0 
x2-x, 0 . . * . 0 An, 
Then Bv = X221, where v = (1, 1, . . . , l)T. 
Let X2 > 0. Define 
From (2), E > 0. Let q = (41, q2,. . . ,q,)T, where 
4’k = &, k=1,2,...,r and qk=-&+E, k=r+l,..., n. 
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Then the matrix 
A=B+vqT 
= 
X2+.5 . . . E -Xr+l+& . -J,+E 
& . . . . 
X2-&+& . . . . . . . 
. . . & 
h--X,+E . . . A,+& -&+I+& . . 
x2 -Xr+l +E f . . & E . . 
. . . . . -A,+& 
X2-X,+& . . . * -Xr+l+& . E 
is positive generalized stochastic with spectrum u. In fact, A has eigenvalues X2, As,. . . , A, and 
A2 +ne-CL+, Ak = X1. The rows of A sum XI. 
Let now X2 I 0. Define 
From (3), E > 0. Let q = (ql,qz,. . . ,Q,,)~, where 
ql=Qz and ‘&=-&+E, k = 2,3, . . . (12. 
Then the matrix A = B+wqT has eigenvalues X2, As, . . . , A, and X2-tne-Xz-~~C2 xk = X1. The 
rows of A sum Al. Thus, A is an n x n positive generalized stochastic matrix with spectrum C. 1 
We observe that Theorem 15 is not contained in the result of Suleimanova [l], even if we 
consider the nonnegative case. 
COROLLARY 16. Let u = (1, AZ,. . . , A,} be a set of real numbers such that 
1 > x2 1 ... L x, 10 2 Xr+l 1 . . . 1 A,. 
If& >O, with& 20, k=3,4 ,..., r (r<n), then 
1 > x2 - 2 xk 
k=r+l 
is a sufficient condition for the existence of an n x n positive stochastic matrix with spectrum (T. 
If X2 I 0, then 
is a sufficient condition for the existence of an n x n positive stochastic matrix with spectrum 0. 
EXAMPLE 17. o = {10,4,1, -2, -3). Then 
0 0 
040 0 0 
0 0 
600-2 0 
0 -3 
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Since X2 = 4 > 0, E = l/5. Then q = (l/5,1/5,1/5,11/5, 16/5)T and 
A=B+vqT= 
21 1 1 11 16 
5 5555 
1 21 1 11 16 
5 3555 
16 1 6 11 16 
5 5555 
31 1 1 1 16 
5 Fi 5 s 5 
36 1 1 11 1 
5 55-F: 
is a positive generalized stochastic matrix with spectrum cr. 
THEOREM 18. Let ~7 = {X1,X2,. . . , X,} be a set of red numbers such that 
Xl > xz 2 . . . 2 A, 2 0 2 xv+1 2 . . . > A,. 
If 
X1 2 A2 + nm={lA2l, I&l}, (4) 
then there exists an n x n nonnegative generalized doubly stochastic matrix with spectrum n. 
PROOF. Consider the matrix 
B= 
x2 0 *.. . . 0 
0 x2 0.. . . . 
0 x2-x3 x3 0 . . . . 
0 . . . . . . 
. . A, . . * 
. . x2 - &+1 A-+1 0 * 
. . 0 
0 0 .* . 0 X2-k &I 
which is generalized stochastic with row sum X2 and corresponding eigenvector v = (1, 1, . . . , l)T. 
Letq=(ql,qz,...,qn)T,where 
41 = $1 - X2), 
qk = $1 - x2 + Ak+l - xk); k=2,3 ,..., n-l, 
47% = &I - L). 
nOIll (4), qk 1 0, k = 1,2, . . . ,72 (qk > 0 for ?I. 2 3). Also 
2 qk = x1 - x2. 
k=l 
Thus, the matrix A = B + wqT has spectrum 0 with column sums and row sums equal to X1. 
To prove the nonnegativity of A, we need to show that 
x2 + 41 2 0 and Xk + qk 2 0, k=2,3 ,..., n. 
If&>O,k=2,3 ,..., n,then 
xk + qk > 0 and x2 + 41 2 0. 
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If xk < 0, k = 2,3,. . . , n - 1, then from (4) we have 
xk + Qk > Ak + m={b21, hi} + $k+l - xk) 
> ma {b2i , Ihi} + Ak+l 
2 0, 
and if X2 < 0, 
Finally, if X, < 0, 
X2 + 41 1 X2 + m={lX2l, I&l} 10. 
A, + qn 1 A, + m={IA21, IAnI} + 3x2 - A,) 
Therefore, 
2 mm W2l, ILlI + An 
2 0. 
A = B + vqT 
is an n x n nonnegative generalized doubly stochastic matrix with spectrum 0. I 
COROLLARY 19. Let a = {XI,&,.. . , A,} be a set of real numbers such that 
x1 > x2 2 . . . 2 A, 2 0 L &.+I 2 . . . 2 A,. 
If 
XI >~2+~m~W21,1~nl), (5) 
then there exists an n x n positive generalized doubly stochastic matrix with spectrum 0. 
PROOF. If XI > X2 + nmax{lXzl, I&l}, then qk > 0, k = 2,3,. . . , n. Also we have & + qk > 0, 
k = 2,3,. . . , n - 1; X2 + q1 > 0 and X, + qn > 0. Then A = B + vqT is positive generalized 
doubly stochastic. I 
COROLLARY 20. Let a = {1,X;?,... , X,} be a set of real numbers such that 
1 > x2 2 ... > x, 2 0 2 Xr+l 2 ... > x,. 
If 
1 L~2+nm~{l~2l,I~,I}, 
then there exists an n x n doubly stochastic matrix with spectrum (T. 
COROLLARY 21. Let 0 = {1,X2,. . . , X,} be a set of real numbers such that 
1 > x2 1 ... L x, > 0 > &.+I 2 ... > x,. 
rf 
1>~2+7l.m~{l~2l,ILI), 
then there exists an n x n positive doubly stochastic matrix with spectrum CT. 
EXAMPLE 22. Let 0 = {12,1,0,-2, -2). Since condition (5) is satisfied, the problem has a 
solution. Here q = (2.2,2.0, 1.8,2.2,2.8)T. The matrix 
100 0 0 
010 0 0 
003-2 0 
3.2 2.0 1.8 2.2 2.8 
2.2 3.0 1.8 2.2 2.8 
2.2 2.0 4.8 0.2 2.8 
2.2 2.0 1.8 5.2 0.8 
is a positive generalized doubly stochastic matrix with spectrum 0. 
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The following result says that if the given numbers are positive and distinct (oscillatory spec- 
trum), then they are the spectrum of a positive generalized stochastic matrix. 
THEOREM 23. Let o = {XI, Xp, . . . , A,} be a set of real numbers such that 
x1 > x2 > ... > A, > 0. 
Then there exists a positive generalized stochastic matrix A with spectrum u. 
PROOF. Consider the set u’ = (X0, Aa,. . . , A,}, where X0 = (Xl + X2)/2, and define 
x0 + x2 
p1=-9 
xk + Ak+l 
2 /.‘k= 2 , 
k = 2,3,. . . , n - 1. 
Then, X0 > ~1 > ... > ~~-1 > A, > 0. It is well known [ll] that there exists an n x n oscillatory 
tridiagonal symmetric matrix T = (&j) with spectrum o’, which is nonnegative with maximal 
eigenvalue x0 and corresponding positive maximal eigenvector 2 = (~1, x2, . . . , x,)~, xk > 0. Let 
D = diag{xl,x2,. . . ,x,}. 
Then B = D-ITD is an n x n oscillatory tridiagonal and nonnegative generalized stochastic 
matrix with spectrum 0’. In fact, if w = (1, 1,. . . , l)T, then 
Bv = D-ITDv = D-ITx = XoD-lx = Xov. 
Note that the entries of B are of the form 
xcj 
(bkj) = tkj---&, k= 1,2 ,..., n. 
Now, let E = (Xl - X2)/2n, v = (l,l,. . . , l)T, and q = (E,E,. . . ,E)~. Then * * 0 . 0 
***.. I 
& & . . E 
E E . . & 
. . . . . 
. . . . . 
& & . E E 
is positive generalized stochastic with eigenvalues X1 = X0 + wTq, X2,. . . , A,. 
THEOREM 24. Let CJ = {Xl, X2,. . . , A,} be a set of real numbers such that 
Xl > x2 > * *. > A, > 0. 
If 
X1 > 3X2, (6) 
then there exists an n x n positive generalized doubly stochastic matrix A with spectrum 0. 
PROOF. Consider the set U’ = (X0, X2,. . . , A,}, where A2 < X0 5 (1/3)X1. Then 
x0 > x2 > . . * > A, > 0. 
From Theorem 23, there exists an n x n nonnegative generalized stochastic matrix B with spec- 
trum 0’. B is tridiagonal oscillatory of the form B = D-lTD with maximal eigenvalue X0 and 
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corresponding maximal eigenvector v = (1, 1 , . . . ,  1) T. As before, T = (tk:) is also tridiagonal 
oscil latory 
( t l l  t12 z2 0 0 
Xl 
X3 t21 271 t22 t23 - -  
X2 272 
B = t32 "°x t33 
x3 
xn  
tsn -- 1, n 
Xn-1  
0 in ,n -1  - -  tnn 
Xn 
The k th row of B sums 
k+l 
tk~ z :  = Ao, 
" Xk j=k-1  
k=l ,2 , . . . ,n ,  
while its k th column sums 
k+l 
Xk 
Z t jk - - ,  
j=k -  1 Xj  
where rio = tO1 = tn,n+l = tn+l,n = O. 
Let q = (qhq2, , . . - ,qn)  r,  where 
k = 1,2, . . . ,n,  
qk = n A1 -- tJk ' 
j=k-1  
k = 1 ,2 , . . . ,n .  
Since 
then from (6), 
NOW 
k+l 
~,  t:k xk < 3Ao, 
3=k-1 X3 
qk > 0, k = 1 ,2 , . . . ,n .  
1 n)~l- Z tJk = 
k=l k=l j=k -1  
~ k+l / 
n k=13=k-1 Xk]  
= AI  - Ao  > O. 
Therefore, 
A = (akj) = B + vqT = \(tkjxJ + 
t l l+  ql t12 x2 + q2 0 
Xl 
Xl 
t21--  + ql t22 + q2 
X2 0 I 0 
Xn 
tn- 1,n Xn-  1 + qn 
tnn -[- qn 
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is an n x n positive generalized doubly stochastic matrix with spectrum o. In fact, from the 
definition of qk, each column of A sums x1. On the other hand, all the rows of A sum Xa + 
‘j-& qk = Ai. Besides, A has eigenvalues AZ, As,. . . , A, (same eigenvalues as B) and Xe + vTq = 
b+C;qk =x1. I 
EXAMPLE 25. Let ~7 = {21,6.000,5.000,4.000,3.268}. Let Xc = 6.73205. Since 6 < Xo 5 7, the 
problem has a solution. Then 
5 1 0 0 0 
1 5 1 0 0 
0 0 1 5 1 
0 0 0 1 5 
is tridiagonal oscillatory with spectrum o’ and 
B = D-rTD 
= i 0.577 5.0 0 0.866 1 7325.0 0 1.155 5.0 0 0.866 1 7325.0 0 0.577 5.0 0 
is nonnegative generalized stochastic (tridiagonal oscillatory) with spectrum 0’. From (6), 
q = (3.0845,2.6804,2.7381,2.6804,3.0845) 
and 
A= B+vqT 
i 
8.0845 4.4124 2.7381 2.6804 3.0845 
3.6619 7.6804 3.8928 2.6804 3.0845 
= 3.0845 3.5464 7.7381 3.5464 3.0845 
3.0845 2.6804 3.8928 7.6804 3.6619 
.  2.680  2.  4.412  8.  I 
is positive generalized doubly stochastic with spectrum u. 
4. THE ROLE OF ZEROES AS ELEMENTS OF 
THE SPECTRUM OF NONNEGATIVE MATRICES 
In this section, we attempt to give a partial answer to the following question stated by John- 
son [8]: suppose cr = {Xl,..., An-i, 0) is the spectrum of a nonnegative matrix, does it follow 
that {Xi, Xp, . . . , X,_l} is the spectrum of an (n - l)z(n - 1) nonnegative matrix? That is, may 
we delete zeroes and retain the existence of a corresponding nonnegative matrix? 
Our approach is by the use of Theorem 7 of [lo]. 
Leto={Xi,Xs,... , A,} such that d = C. From Theorem 7, if 
xl 2 1 + c lckl, 
Ck<O 
(7) 
where c = (c~,..., 2, 1 c c ) is the last row of the companion matrix B of the auxiliary set u’ = 
(17x2,. * . , A,}, then there exists an n x n nonnegative generalized stochastic matrix A with 
spectrum o. A is of the form A = B + vqT, where v = (l,l, . . . , l)T and q = (ql, 42,. . . ,qn)T, 
with qk 2 0 if &+l__k > 0 Or qk 2 I&+l__kl if &+i__k < 0. 
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Now, let as = {Xl,..., X,+r,O} such that 80 = 00 and consider the auxiliary set oh = 
(1,. . .7 L-l,OI. If (7) is satisfied, then there exists A0 = B + vqT nonnegative generalized 
stochastic with spectrum us. Now, c,, = 0 and we may take q1 = 0. Then 
A0 = 
92 + 1 . * qn 
.. ’ 
. . 
. . Qn + 1 
. . qn + C] 
where 0 =(O,O, . . . , O)T, bT = (92 + l,qs,. . . ,q,)areofsizen-landAisan(n-l)x(n-1) 
nonnegative generalized stochastic matrix with spectrum o = {Xi, X2, . . . , A,_,}. 
It is clear that if 00 = {Al,. . . , X,,O,O,. . . ,O} and (7) is satisfied, then since c,+i._k = 0, 
k = 1,2,. . . , m,wemaytakeqk=O,k=1,2 ,..., m,and 
is an n x n nonnegative generalized stochastic matrix with spectrum 00, while the submatrix A 
is an m x m nonnegative generalized stochastic with spectrum u = {Xi, . . . , A,}. Thus, we have 
the following result. 
THEOREM 26. Suppose cro = {Xl, . . . ,X,,O,. . . ,0} satisfies condition (7) of Theorem 7 and 
therefore is the spectrum of an n x n nonnegative generalized stochastic matrix A0 = B + vqT. 
Then, there exists an m x m nonnegative generalized stochastic matrix A with spectrum B = 
{Xl,. . . 3 kn). 
EXAMPLE 27. Let CQ = (1, (l/2)$ -(l/2)$0}. F rom Theorem 13, let a = 2 and consider the 
sets (I = (2, i, -i,O} and 0’ = (1, i, X0}, the auxiliary set. Then 
A’=B+vqT= 
is nonnegative generalized stochastic with spectrum 0, while the submatrix 
is nonnegative generalized stochastic with spectrum (2, i, 4). Finally, the matrix (1/2)A has 
the spectrum (1, (1/2)i, -(1/2)i}. 
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